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Abstract. We construct free cubic implication algebras with finitely many generators, and 
deteimine the size of these algebras. 



1. Introduction 

In O Metropolis and Rota introduced a new way of looking at the face lattice of an 
n-cube based on its symmetries. Subsequent work has lead to a purely equational rep- 
resentation of these lattices - the varieties of MR and cubic implication algebras. [1\ 
describes the variety of Metropolis-Rota implication algebras (MR algebras). |[T] gives an 
equational description of cubic implication algebras and implicitly proves that the face lat- 
tices of n-cubes generate the variety. Therefore free cubic implication algebras must exist. 
In this paper we give an explicit construction for the free cubic implication algebra on m 
generators and determine its size. 

The argument comes in several parts. First we produce a candidate for the free algebra 
onk+\ generators by looking at embeddings into interval algebras and choosing a minimal 
one. Thus the free algebra is embedded into a known cubic implication algebra. We 
compute the size of this cubic implication algebra. From |JJ we know that every finite cubic 
implication algebra is a finite union of interval algebras and we know that the overlaps are 
also interval algebras. The size of an interval algebra is easy to determine so we can use 
an inclusion-exclusion argument to determine the size of the cubic algebra. 

The next part is to show that our candidate for the free algebra is generated by the 
images of the generators and so the embedding is onto. Again we use the facts that our 
cubic implication algebra is a finite union of interval algebras and each interval algebra is 
the set of A-images of a Boolean algebra to reduce the problem to showing that certain 
atoms in a well-chosen Boolean algebra are generated. 

We start by recalling some basic definitions and facts about cubic algebras - the reader 
is referred to lUl for more details. 

Definition 1.1. A cubic implication algebra is a join semi-lattice with one and a binary 
operation A satisfying the following axioms: 

a. if X <y then ls.{y, x)W x = y; 

b. ifx<y<z then A(z, A(y, x)) - A(A(z,y), A(z, x)); 

c. if X <y then A{y, A{y, x)) = x; 

d. if x<y <z then A{z, x) < A{z,y); 

Let xy — A(l, A{x V y, y)) V y for any x, y in X- Then: 
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e. {xy)y — x\l y; 

f. x{yz) = y{xz); 

Definition 1.2. An MR implication algebra is a cubic implication algebra satisfying the 

MR-axiom: 

if a, b < X then 

l^{x, a) W b < X iff a A b does not exist. 
Example 1.1. Let Z? be a Boolean algebra, then the interval algebra of B is 

.^(B)^ {[a,b]\a <bm B] 
ordered by inclusion. The operations are defined by 

1 = [0, 1] 

[fl, b] V [c, d] - [a Ac,bW d] 

A([fl, b], [c, d]) - [a W (b Ad), b A (a V c)]. 
It is straightforward to show ^(B) is an MR-algebra. Additional details may be found in 

m. 

Example 1 .2. Let X be any set. The signed set algebra ofX is the set 
y{X) ^{{A,B}\A,BcXandAnB^ 0). 

The operations are 

1 = (0,0) 
{A, B) V <C, D)^{AC^C,Br\D) 
A((A, B) ,{C,D)) ^ {AVJC \ B,BVJ D\A) . 

y(X) is isomorphic to y(p(X)) by {A,B} [A,X\ B]. All finite MR-algebras are 
isomorphic to some signed set algebra (and hence to some interval algebra). 

As part of the representation theory in Q we had the following definitions and lemma: 

Definition 1.3. Let £, be a cubic implication algebra and a e Then the localization of 
X at fl is the set 

£a = {A(y, x)\a < X <y}. 
Associated with localization is the binary relation < we can define by 

a < biflb e £a 
or by the equivalent internal definitions: 

a < biff a < A(a V b, b) 

a<bmb^ (fl V /?) A (A(l, fl) V fe). 

In HI we establish the equivalence of these three definitions and make great use of this 
relation in getting a representation theorem for cubic algebras. The next lemma is the 
part of that representation theory that we need in order to understand the free algebra 
construction that follows. 

Lemma 1.4. Let X be any cubic implication algebra. Then £.„ is an atomic MR-algebra, 
and hence isomorphic to an interval algebra. 
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2. Free Algebras 

Definition 2.1. Let X be a set, the set of generators. 

( i) Let Tr{X) denote the free cubic implication algebra with generators X. 

(ii) Let X' — {^i \ X e X] D {f, | x e X} and let B be the Boolean algebra generated by 
X' with the relations Sx < tx for all x € X. Let xf = [Sx, tx] e ^(B) = X, and let 

( Hi) Let fk be the free Boolean algebra with the 2k +2 generators {sq, . . . , i^t) U {?o, . . . , tu). 

It is not the case that J1\{X) is the free cubic implication algebra, it is too large. But it 
serves as a prototype for discussing the construction of a free cubic implication algebra. It 
also allows us to compute an upper bound to the size of the free algebra. 

Lemma 2.2. ^Fr({xo, . . . , xi]) is finite with size at most 3^^'*^. 

Proof. This is because 'Fr{{xQ, . . ., Xk]) embeds into ^ifk) - letting x, - [sj, t,]. □ 

The idea of this proof is crucial - we embed the free algebra into an interval algebra and 
determine properties of the free algebra from the embedding. 

Suppose that X = {ao,fli, ■ ■ ■,ak] is finite. Let TriX) embed into J^(C) = X as an 
upper segment for some Boolean algebra C. Let e(a,) = [i„ = a'- for < i < k. Define 
inductively 

6o - ttQ 
Si+i = Sfa'j^i 

= 6i A AiSi Valval,). 

Then it must be the case that Tr{X) embeds into Xs^, since we have that 6k < a\ for all 
/ and the image of Tr{X) in .-fiC) is the set |J*^q Xa' . Thus we may as well assume that 
6k is a vertex, and furthermore that it is [0, 0] as all vertices are interchangeable by a cubic 
isomorphism. Furthermore, we see that if B* is the subalgebra generated by the i,'s and 
the f,'s, then in fact Tr{X) embeds into .f{B*)s^. 

So now we construct a new candidate for :Fr(X), where X is the finite set [aQ,a\, . . .,ak}. 
Let Sx be the Boolean algebra generated by [sq, . . . , i^) U {?o, . . . , tk] with the relations 

Si < ti for all < J < A: 
<5;t = [0,0]. 

By the above argument, we see that 

k 



\rr{X)\ < 



!=0 



We will compute the cardinality of the right-hand-side and show that the intervals [i,, 
cubically generate Uto ^'"(^) - Uto -^UiM- 



3. Gettestg Better Relations 

The relation 6k = [0, 0] is not easy to use, so we will recast it as a series of statements 
about the s/'s and the f,'s. 

First a fact about interval algebras that we will often make use of in the following 
argument. It is easily verified from the definitions above. 
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If a = [a, b] and w - [u, v] are any two intervals then 



a A A(a V w, w) = [a V (fo A v), A (a V m)]. 



Now define inductively a sequence from Sx as follows: 



o"o = So; 



To = to; 

Ti+i = (TiV in ASi+i). 



It is not hard to see that cr, < r, for all i and that 5, = [o",, r,]. So our extra condition can 
now be rewritten as cTk - Tk - 0. This is still rather unsatisfactory. Instead of using these 
relations we will produce another set that give useful information more directly. We do 
this by defining a larger class of relations that are used to show that the desired relations 
capture the ones above and no more. 

Deiuiition 3.1. Let <l <kin'N, and t, a in Bx. Then 



RiXiit, a) 




j=i 



k 



Qi,kit,a) 




j=i 



We now demonstrate that these are the desired relations. 



Lemma 3.2. 



k 




Proof. For k = Q this just says that t^ < a. 
If general we have 



Tk+i = cTkW (Tk A sk+i) < a CTk <a and Tk A Sk+i < a 



=^Tk< Sk+\ V a 



k 





□ 



Lemma 3.3. 




Sj V ti+i V a for all i < k and sq < a. 



Proof. For k = this just says that so ^ a- 
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In general we have 

cTk+i =(TkV (Tk A tk+i) < a <=> o-k<amdTk< tk+i v a 

i 

=> to<\/ Sj V ti+i V or for all J < k; 
;=i 
so<a; and 

k 

toA/ Sj V tk+i V a 
j=i 

=> ^o^\/ -sy V ti+i V or for all i < k; and 

i=i 

□ 

This shows the necessity of these relations, now we show they are also sufficient. 
Lemma 3.4. Suppose that i < k and 

(Ti < a; 

Ri+i^k,jiTi> for all i < j < k; and 
Qi+\,kiTi, a). 

Then 

CTi+i < a; 

^(+2,tj(T,+i, a)/of all i+l < j < k; and 
Qi+2,ki'^i+u ay- 
Proof. We have t; < Vp=i+i Sp V tj+i V a for all i< j < k. 

Taking 7 = j we have that t, a?,+i < a. As cr,- < or we therefore get cr,+i = cr, v(T, A7i+i) < 

a. 

For j > i we get r,- A < Vp=,+2 Sp V tj+i V or, and so t,+i = cr,- V (r,- A < 

« V V^=,-+2 *P V V or = V;=,-^2 V 0>i V a. 

From g,+i,t(T,-, ff) we have t,- < Vp=,+i V or and SO T/ A 

^ ^ Vp=i+2 S/j V a 

which gives t,+i < t; < Vp=;+2 SpW a. □ 
Corollary 3.5. Suppose that 

So < c; 

Ri,k,j(fO' Z'"" '^'^ i < j < k; and 

Qi,k(to, a). 

Then 

(Tic < a; and 
Tk < a. 

Proof. It follows immediately from the lemma, and noting that Qk+i,ki'''k, is the same as 
Tk <a. □ 
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Proposition 3.6. crk - Tk - iff so< 0; 

R\,k,j(to,0)far all 1 < j < k; and 
Qi,k{to,Q). 

Proof. Immediate from the last corollary. □ 

Definition 3.7. Let Sk be the Boolean algebra generated by {sq, U {?o, ... , tk] with 

the relations 
Z: io< 0; 

Si: Si< tifor all i < k; 

Rj- Ri,kjilo, 0) for all 1 < j <k; and 
Qk.- Quito,0). 
LetJ^'^^ = J^iSk) and£{X) = Ulo-C-Z>Y 

We aim to compute the size of -C(X) as this provides an upper bound to the size of 
TriX). This starts with a lot of atom counting in Sk- 

4. LooKEsTG AT Atoms 

In this section we aim to see how atoms are produced in Sk as a preliminary to counting 
them. This is based upon our knowledge of atoms in Tk and the ideal we quotient out by 
to get Sk. This ideal is generated by the set 

i k 

St = [so] U {s; A 7/ 1 < i < A;} U {fo A y^Sj A | < ; < A;} U {fo A ^sj] . 

The elements ofSt come in four different kinds. For ease of reference we name them as 
■So 

Ui = Si A ti foiO <i <k 

i 

fi = ?o A yy 5^- A ti+i for < J < A: - 1 

7=1 
k 



= toA /\ Sj. 



There is one new atom that comes from the failure of Qt-i- 
Lemma 4.1. Let ak — to A AtTi' Then a^ is an atom in St- 

Proof. We recall from the usual construction of the free Boolean algebra on {sq, . . . , i;t} U 
[to,...,tk} that every atom has the form A;=o ^j^j ^ A 7=0 ^/j where sj and 6j are ±1 and 
la - a, -la — a. 

In Sk we have io = so that £0 = -1- For atoms below a^ we have = 1 and sj = -I 
for all j < k. 

By Qk we have a^ A's^ = so that a^ < s^. Also for < i < A: we have a^ A 7,+i < 
h A Ay=i *7 A Fj+i = by Rk,i so that at < ti for all i. This impUes a^ = a^ A s^ A Af=i ti is 
an atom or zero. 

If a<: = then so does a'j^ = a^ A si, A Af=i ti. Therefore (in fk) we have aj^ = Afjo ^ 
Sk A Af=o ideal generated by S^- As aj^ is an atom in y> this means that must 

be below one of the elements ofSk- 
- a'j^<'so so it is not below sq. 
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- a'l^ <'si for i = 0, ... ,k - 1 so that is not below any m,-. 

- < Sk so that is not below q^. 

- a'l^^ ti for / = 0, . . . , so that is not below r,-. 

Hence cannot be in this ideal. □ 

The remainder of the analysis is an investigation of the change from S^-i to S^. The 
last lemma is the most important change as in Sk-\ we have = by Qk-i . 

We need also note that is independent of k so another change is that Ri^x comes into 
effect. As Qk implies Rk-i since Sk < tk this is not noticeable until Sjt+i, so we really only 
have Rk-2 and Qk to worry about. 

Further we need to note that the relations /?, and Qi only affect the interval [0, fo] and 
do nothing in [0, 7o] - this is because they are all of the form fo A something = 0. 

Lemma 4.2. Let a e Sk-\ be an atom. Then a is split into three atoms in S^. 

Proof. We will work in as is a quotient of this algebra. We will also assume that a 
is an atom in fk-i so that 

k-\ k-l 

a = f\ £iSi A /\ 6iti. 

i=0 i=0 

Of course we have eo = -1 as io = in Sk-i. 

InTkCi spUts into four parts -aoo- a A {sk A tk), aoi = a A {sk A Ik), aio = a A(sk A tk) 
and ail - aA(sk A Ik). In Sk we have aoi = as 5^ < tk. We need to show that none of the 
others are made zero in Sk. 

If one of them - call it apq - is zero in Sk then, in Tk it must be in the ideal generated 
by 5^ 

As apq is an atom in ^ it must be the case that apg is smaller than something in S k- 
This means that <5o = 1 as everything in is below fo. 

Suppose that apg < to A sj A 7,+i for some < i < k - I. As apg > this means 
that £j = -1 for < j < i and = -1. But now we have a < to A A ti+i and so 

a = in Sk-i - contradiction. 

Hence apq < to A /\'^z\ "sj A Ik or apq < to A ^j- Either of these impUes Sj = -I for 
< j < k - I and so a = in Sk-i - contradiction. □ 

Lastly we need to observe that the new atom ak - to A /\^^/ sj is not one of the atoms 
produced as in the last lemma - since if a = Afjo ^ Ato ^i^i is an atom of Sk-i and 
fljfc < fl in Sk then we have ak A a > in T^k and so a < ak in 'F'k- But this implies <5o = 1 
and £j = -1 for < j < k - I and so a = in Sk-i - contradiction. 

The atoms as produced in the way described above fall into natural groupings. It helps 
to understand the counting arguments we give in the next section if we know how these 
groupings come about. 

Definition 4.3. Let 

Too = <{!},=) 
Aoo = {1} 
Tn={{to},=} 
All = {^o} 

T'oi = {\io,SutuSl A?i},(ii,?o),(Fl,io),(il A?i,Fo)u =) 
Aoi = [to,Si,tu^i Ati] 
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to A A/=! ^/ A Si, fo A AHl 'si A A fo A A£l A S; A U+i, 

to A A;=i ^/ A Si A (l^j+i A f;+i)|, |(fo A A;=l Si A Si A A A/=l Si A S,) , 

(fo A At 1 ^/ A Si A fi+i , fo A A/ll ^/ A i,) , 

(fo A A;:[ ^/ A Si A A f,+i), fo A A|.1 A s,)ju =^ 7 
T'U-I U UaeA,,_, {ff A ij', a A fy, a A (Sj A f^)} , 

<U-i U UaEAy_i { (a A iy.jS) , (a A fj-,yS) , (a A (ij- A tj), d) | a <y_i jS} U 7 > «■ + 1 



j + 1 



\to A At! 



7 = I 



[to A ALi A fo A A5=i Si A Si A Si+i , fo A AS=i Si A i,- A f,+i. 



fo A A/=l A Si A i A f,+i)} 
Tij-i U UaeA,j_i {a A Sy, a A Ij, a A (s^ A f^)} 

A few tree diagrams will help us see what this definition is reaUy about. 



j = i+l 
j>i+l 



Too 
Tn 
Toi 



• 1 

• fo 




fo A Si f A fi fo A (si A fi) 



7^22 : • fo A Si 



^12 : 



fo A Si 

fo A Si A S2 fo A Si A f2 fo A Si A (S2 A f2) 




7o A (si A fi) A S2 



h) A (ii A ri) 7() A (ii A fi) A 72 



7() A (ii A fi) A (^2 A f2) 



The reader is invited to produce the next layer of trees. 
We note that Uj=()^jA is the set of all atoms of Sk- 

5. Counting Atoms AND Other Things 

Now we want to count just how many atoms there are and in what locations they may 
be found. This leads to a calculation of the size of £.(X)- 

Definition 5.1. Let 

ak(t) — the number of atoms below t in Sk- 

Lemma 5.2. 

ak(l) = ^(3*^^ - 1). 

Proof. So - 2 has one atom. 

From the lemmas 143] and Wl2] we have akil) - 3at_i(l) + 1 from which we have the 
desired formula. □ 

Lemma 5.3. 

akiisj, A tj,) A ... A A tjj) = ^(3'^'-" - 1) 
if all the (sj^, tj.) are distinct. 
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Proof. The proof is the same as above - the first case where the formula makes sense is 
S„-i and in this case (ij, A f^,) A ... A (sj^ A f^J < fo A /\"rg 5; = and so there are no 
atoms below it, and = ' (3("-i)+'-« - 1). 
Let 

f = Af„)A... A(i,„ Afj„). 
There are two cases in general - 

No ji - k: Going from Sk-\ to Sk the new atom is below t and all other atoms split 

in three so we have a^it) - liak-xit) + 1 which gives the desired formula. 
Some ii - k: Without loss of generality / = n. This case is different as the new atom 
aic in Sk is not below ij. A f^. But then every atom in S^-i splits into three, one of 
which is below 5,1 Af^.. Therefore ai.((sj,Afy|) A. . .A(5j„ , Af^,^ , )A(5j;Afj;))isequalto 
a^-i((i;iAf;i)A...A(i;„_,Af^„_j))andsoequals i(3(*-'>+'-"-l) = i(3*+'-<"+i)-l). 

□ 

As we are really interested in intervals we need the following observation 

Lemma 5.4. Let S be a finite Boolean algebra, ancles, e J^(S). Then the number of atoms 
in [x, 1] is equal to the number of atoms in B less the number of atoms below "xq A jci. 

Proof. Let x - [xq, xi\. We note that if and Jiz are two finite Boolean algebras then the 
number of atoms in Jii x ^2 equals the number of atoms in ^1 plus the number of atoms 
in J{2. 

Since we have 

[x,l]-[0,^o]x[^i,l] 
- [0,^o]x[0,Ii] 

and 

[O.jco] X [0,li] X [0,Io Axi] 
the result is immediate. □ 

Now we want to compute the size of £XX). As this is a union of interval algebras we 
will use an inclusion-exclusion calculation to find its size. We recall that in general for 
cubic algebras that 

■Ca f"! -Cfo — -CaVA(a\/b,b) 

is another interval algebra - IT] theorem 4.6. Using the last lemma it is relatively easy to 
compute the size of these intervals. 

Definition 5.5. Let x be an interval in St. Let 

al(x) — the number of atoms below xq A xi ; 
Q'^(x) = the number of atoms in [x, 1]. 

Lemma 5.6. Let x = [xo, xi] be an interval in a finite Boolean algebra S. Let n be the 
number of atoms in [x, 1]. Then 

= 3". 

Proof This is just a special case of the fact that if |S| = 2" then |^(S)| = 3" as J^(S)x - 
^([x,l]). □ 

Next the natural points of intersection. 
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Definition 5.7. Let I c {0, . . . , A;). Let io < • ■ • < U be an increasing enumeration of L 
Then 

77^.^1 = rj] V K{ri] V [5,,,, , J, [i,-.,, , ]) ifj<l 

rf = n\. 

Lemma 5.8. Let 7 c {0, . . . , ^}. For all i such that <i < \ J\ 

i i 

p=l p=l 

Proof. The proof is by induction on i - it is clearly true for i = 0. The superscript / will 
be suppressed. Let 

a, = sj„ A /\isj^ V Ij^) 
p=i 

i 

bi = tj, V A f,„) 

p=l 

J]M = T]i V A(7/,- V [^,,^, , f,,^, ], [^y,^, , f,,^, ]) 

= [fli,/7,] V A([fl; A .9j,^,,/7; V fy,^J, [Sj,^„tj,J) 

= [a,-, V [(a; A Sy,^,) V (fe; A f;,^,), (bi V fy.^j) A (a,- V ij-^^j)] 

= [at A (s,-,,, V 7^,,,,), bi V (5,-,,, A 

= [ai+i,bi+i]. 



□ 



The next step is to compute the number of atoms in 7]j i.e. below a; A bi. 
Lemma 5.9. 

«) = 3'(0. 

Proof. This is an inclusion-exclusion argument - let S/^^ij = Atj^\0 < p < ;} for all 
J Q {0, . . .,k} and i < \J\. Again the superscript J is omitted. 
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Then inclusion-exclusion gives us 

aim) = 2^"^^'^' 



k+\-j , 



Thus 



(+1 



V |A|=J 



7=1 ^ 



(_iy>i_(3*+W_l) 



(3 



2 

(+1 

Z 

7=0 



-iy(3 



7=0 
7 '+1 



+ 1\ / 1 
3 



-2 

7=0 ^ ■> 
;■+ 1 / . , . 



3^+1 
3^+1 



1-1 
3 



(+1 



(1-1) 



7=0 
i+1 



i+\ 



|(-iy 
(-ly 



i+l 



i(3*-^i-l)- 



_(3<:+i_l)_3«(Z 



2\i 



Deiuiition 5.10. Le? 



^{k,l) = T\- \ . 



Now at last we are able to compute the size of JiQC) = |Ji=o ■^fs'-t y 

For ease of reading let Mi = -CfJ.^.y Then inclusion-exclusion gives us that 



!=1 

k+1 



AQ{0,...,k] 
V \A\=i 



7SA 
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6. The other direction 

Now we turn to showing that the algebra we have constructed is the free cubic implica- 
tion algebra. Since we know that the free algebra embeds into X(^), it suffices to show that 
£iX) is generated by the intervals = [s,-, ti\ fox i = 0, . . . ,k using only cubic operations. 
In fact it suffices only to show that the elements covering the /, are all cubically generated 
as these are atoms of [/,, 1] and so generate [/,, 1] with only joins. All other elements in X/, 
are then A-images of two elements of [/,, 1] and so all of £.{X) is obtained. 

Let Tk now denote the subalgebra of Z{X) generated by {/, \ <i <k). We are trying 
to show that Tt = £{X). 

We start with the easiest case. 

Lemma 6.1. Every possible atom above Iq is in T^. 

Proof. The atoms above /q are of the form [0, fo V a] where a < ?o is an atom of S2. 
To see we get these we note that 

[0,ro]v[i,-,r,] = [0,?oV?,] 
and ([0, fo] V [?,, i,]) ^ [0, ?o] = [0, h V ^ [0, ?o] 

= [O.^oVi,]. 

If fl < fo is any atom then a = f A l\i eiSi A /\/ bit-, and therefore fo V a = Aii^i^i V fo) A 
Aii^iti V to) and as we have each [0, to V /,] and [0, to V s,] we get the desired meets and 
complements and hence [0, ?o V a]. □ 

The rest of the proof consists of carefully showing that all the atoms in [/,, 1] are ob- 
tained. 

Definition 6.2. Let a e Sk be an atom and {x,y\ e J^(Sk). Then 

(a) a is left-associated with [_x,y\ iff a < x. 

(b) a is right-associated with [x,y] iff a < y. 

(c) a is associated with [x, y]iffa<xora<y. 

The idea of association is that an atom of [[x,}?], 1] is either [x Aa, y] for some a an atom 
below X, or [x,y V a] for some atom a <y. Thus a is associated with [x,y] iff a produces 
an atom in [[x,y], 1]. 

Lemma 6.3. Let a be associated with [x, > \u, v]. Then a is associated with [m, v]. 
Proof, [m, v] < [x, y] iff X < M and v < y iff x < m and y <v. The result is now clear. □ 

Lemma 6.4. Let a be an atom ofSk and [x, y], [u, v] be two intervals. Then 

(a) a is left-associated with [x,y] V [u, v] iff a is left-associated with both [x,>'] and [u, v]. 

(b) a is right-associated with [x,y] V [u,v] iff a is right-associated with both [x,y] and 
[u,vl 

Proof. The result is immediate asa<xAMiffa<x and a <u; and a <yV viS a <y and 
a<v. □ 

Lemma 6.5. Let a be an atom ofSk and [x,y] be an interval. Then a is associated with 

[x,y] iff a is associated with A(l, [x,}']). 

Proof. A(l, [x,>']) = [j, x| so that fl < X iff fl < X, and a < y iff fl < J- n 

Our intent is to show that all the desired atoms in [/,, 1] are cubically generated from the 
Ij. Because we need to come back to this point so often we have the following definition. 
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Definition 6.6. Let a be an atom of'Bk associated with an interval \x,y] e £PC)- Then a 
is cubically assigned to \_x, y\ iff 

- a < X and [x A a,y] is cubically generated from the Ij; or 

- a <y and \x,y V a] is cubically generated from the Ij. 

Our task is made a little easier by the fact that we only need to show a cubic assignment 
once in order to get enough cubic assignments. 

Lemma 6.7. Let a be an atom ofSk associated with [_x,y'\ and \u, v] both in Suppose 
that a is cubically assigned to [x,y].Then a is cubically assigned to [u, v]. 

Proof. First it is easy to see that a is cubically assigned to [x,y] iff a is cubically assigned 
toA(l, [x,y]). 

This means that we need only deal with the case that a is left-associated with both [x,y] 
and [u, v]. 

Since a is left-associated with both intervals it is also left-associated with [x A u,y V v] 
and so [x A M A a,y V v]> [x A u,y V v]. Then we can form 

[xAuAa,y^v] _ 

[xAu,y\/v] > [u,v] = [u Aa,v]. □ 

The next step is to show that each atom does get cubically assigned to some interval in 

Let A: e N and ^ik) be the signed set algebra on {0, . ..,k]. We define a function 
R : {atoms of Sk] — > ^(k) by induction on k: 

k = 0: The only atom is 1 which is assigned (0, {Oj); 
k = i + I: If a e S, is an atom and R(a) - {Ri),R\} then 

R(aAsk)^{RoD{k},Ri} 
R(aAlk) = {Ro,RiU{k}} 
R(a A (sk A tk)) - R(a). 

For the new atom R(to A A;=i = {{k} , 0). 
Note that the function R is not onto, but we do not need it to be. 

Lemma 6.8. IfR{a) = {Ro,Ri} then 

(a) Ro=ij\a<Sj] 
Ri={j\a<tj] 

(b) If j = min(/?o U then 

7-1 

a = itoA/\si)A /\ SpA/\'tgA /\ (SrAtr). 
i=0 p€Ro\(7+l) «eRi r>j 

Proof. This is true for all atoms in So as 1 = to is the only atom and = (0, {0}). 

Suppose that both (a) and (b) are true for all atoms in Sk and let a be an atom of Sk+i. 

If a = to A Af=o atom then we have (by the R-rules) that a < tj for all 

<i <k+l, and a < Sk+i - by the Q-rule. Clearly also we have a < i, for all < < A: so 
that 

{j\a<Sj} = {k+l] 
{j\a<tj} = (l) 
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SO that R(a) is as asserted. 

It is clear that a has the desired form. 

If a - a' A sit+i and a' is a St-alom which we assume is expressed as in (b). We know 
inductively that Ria') is as asserted and a < st,+i and a < a' so that 

R{) £ {j| fl < ij} 

Ric{j\a<-tj}. 

We also know that if j i R^ and j < k then a' A sj = Q in Si; and this is preserved in S^+i. 
Likewise with j i R\. Thus we get the desired equalities. 
A similar argument works if a = a' A f|t+i . 

If fl = fl' A (^^+1 A tk+\) then a i^+i and a ^ \+\ so the sets do not change. □ 
Corollary 6.9. Let a, b be atoms in such that R(a) — Rib). Then a — b. 
Proof. This is clear from part (b) of the lemma. □ 

Now we turn to looking at getting atoms assigned to intervals in ~C{X). 
Definition 6.10. Let (Aq, Aj) e ,y(k). We define the interval 

y(Ao,Ai)= y Ijwy A(1,I,)- 

jeAo leAi 

We note that J(Ao,Ai) is in Tk- 

Lemma 6.11. Let a be an atom ofS^. Then a is left-associated with J(R(a)). 

Proof. This is immediate from lemma l678l a). □ 

Lemma 6.12. An atom a is associated with an interval of the form 7(Ao,Ai) iff R{a) < 
{Ao,Ai}orR(a)<{AuAo). 

Proof Note that (Ai, Ao) = A(l, (Ao, Ai)). 

The left to right direction is clear as a is associated with J{R{a)) and R(a) < (Ao, Ai) 
implies 7((Ao,Ai)) < J(R{a)) so we can apply lemma |63] The other half follows from 
lemma |63] 

Suppose that a is associated with 7(A(), Ai). We may assume that a is left-associated - 
otherwise use A(l, /(Aq, AO) = J(A[,Ao). 

Then we have that a < sj for all j e Ao and a < Ij for all j e Ai - by the definition of 
7(Ao, Ai). Hence we have 

Ao C I fl < Sj] = Ro 

and Ai c |y| fl < 7^} = Ri. 
Thus we have R(a) < (Aq, A i ). □ 

Lemma 6.13. Let (Aq, Ai) e ,y(k) with (Aq, Ai) < (0, 0). Then there is some atom a eSt 
such that either R(a) — (Ao,Ai) or R(a) — (Ai,Ao). 

Proof. Let Ao U Ai be enumerated as j\ < j2 < ■ ■ ■ < jn- 

ji = 0: Then we will assume that ji = E Ai - else switch the order. Then we 
define 

« = A ^ A ^ A ^ 'j^- 

jeAo JeAi JiAoUAi 
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This is a non-zero atom as it is below fo and nothing gets killed here except by the 
rules Si < f,. Clearly also we have 



[j\a< Sj] = A, 
and {i | « ^ 0} - ^ 



so that/?(fl) = (Ao,Ai). 
j\ > 0: Then we will assume that ji 6 Aq - else switch the order Then we define 

ii-i 

a = {to A /\ Si) A /\ SpA/\'tgA /\ (5, A tr). 

i=0 peRo\(ji + l) r>ji 

This is nonzero as nothing below to A A;=o' ^/ gets killed in any Sj for j > j 
Clearly also we have 



[.j\a< Sj) = Ao 
and {7 I fl < fj} = Ai 

so that7;(a) = (Ao,Ai). 

□ 

Now we can prove that the desired assignments exist. 
Lemma 6.14. Let a be any atom. Then a is cubically assigned to J{R(a)). 

Proof. The proof is by induction on the rank of R{a) - {Ro, ^i ) in ,5^{k). 

Rank 0: Then there is only one atom associated with J{R(a)) and in particular the 
interval [J(R{a)), 1] has only two elements, and it's unique atom is [0, 1]. Since 
this atom has to come from a we see that a is cubically assigned to J(R{a)). 

Rank > 0: Then for every {Bq,B\) < J{R(a)) there is an atom b such that R{b) is 
equal to either (Bo, Bi) or {Bi,Bo} and is therefore associated with and cubically 
assigned to J(Bo,Bi). By lemma l6T2l a is the only other atom associated with 
J(R(a)). 

For each atom b associated with J{R{a)) let xi, e [J(R(a)), 1] be the correspond- 
ing atom. Then by induction we cubically have Xb for allb a and hence 

^ J(R(a)) 



Xb 

is cubically generated. Thus a is cubically assigned to JiRia)). 

□ 

Theorem 6.15. 

£{X) - rr{X) 

Proof. Since we have TriX) embeds into Ii{X) and every atom a in Sk is cubically as- 
signed to J(R(a)) e -C{X) we see that every element of J1{X) is generated by the intervals 
Hence the embedding must be onto. □ 

This completes our description of free cubic implication algebras. One nice conse- 
quence of this result is that if Ai is an MR-algebra and X c JVlis any set, then the cubic 
subalgebra generated by X is upwards closed in the MR-subalgebra generated by X. This 
is true because our result shows that it is true for finite free algebras. 
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